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Abstract
This paper deals with the development of a computational procedure for the inverse analysis of the laser forming process of
three-dimensional metal sheet, characterized by double curvature. The procedure is based on the minimization of a vectorial fitness
function, obtained by the comparison of the considered target surface with reference deformed surfaces, represented as sixteen
point bicubic patches. An FEM-based computational approach has been adopted to evaluate the reference deformed surfaces for
the instruction of the processor.
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1. Introduction
Laser forming is one of the most recent manufacturing applications of laser, in addiction to cutting, drilling,
welding, and surface treatments. The process is more and more used to form metal sheets into complex three-
dimensional shapes for automotive, naval, aerospace, and microelectronic industries. The laser forming process is
characterized, with respect to conventional forming processes, by:
– no-die need, the process is tool-less and there is no requirement for external forces;
– high precision for the processed part;
– good fatigue resistance for the processed part, due to compressive residual stresses;
– high flexibility, programmability, possibility of automation and integration with other laser processes, as cutting or
welding processes;
– reduced need for part moving, related to remarkable degrees of freedom of the laser head;
– reduced time-cycle and cost for small–medium series or prototypes.
The laser forming process can be described using three different mechanisms: the Temperature Gradient
Mechanism (TGM), the Buckling Mechanism (BM), and the Upsetting Mechanism (UM).
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The TGM is the most used deformation mechanism, for the relatively major control capability of the process
itself. The deformation of the working sheet follows the TGM if the diameter of the spot of the laser beam, on the
processing surface, is approximately equal to the sheet thickness. According to TGM, when a laser beam strikes on
the material surface, a different thermal expansion happens through the thickness, due to the thermal gradient related
to the low conductivity of the material. The top surface expands more than the bottom one and this results in a counter-
bending. Mechanical properties reduce as the temperature increases; surrounding material opposes the expansion and
compressive plastic strains are induced. During cooling the material contracts and a bending angle, towards laser
beam, is induced. According to the BM, thermal compressive stresses develop in the sheet as a consequence of the
laser heating; large thermo-elastic strains, which result in local thermo-elasto-plastic buckling of the material, are
induced. The deformation of the sheet follows the UM if the heated area is considerably smaller than sheet thickness.
Laser heating causes a shortening of the sheet and an increase in thickness with a constant compressive strain. Detailed
analysis of the above mechanisms can be found in [1–3].
Analytical modelling has been performed by Palazzo et al. in [4] for thermal aspects, by Kyrsanidi et al. in [5]
and by Cheng et al. in [6,7] for thermo-mechanical analysis. Numerical modelling and experimental investigations
have been proposed by several researchers, such as Kyrsanidi et al. [8], Ji et al. [9,10]. A numerical finite element
model for the buckling mechanism has been proposed by Hu et al. in [11]. Multi-scan laser forming process has been
investigated in [12] by Cheng et al., who considered the effects of superheating, recrystallization, strain hardening,
and phase changes on the microstructure and the final shape of the processed part.
Recent researches have been focused on the pulsed laser forming process, in particular on the transient strain
field [13,14] and on vibration induced by laser [15]. The influence of preloads on the sheet metal has been investigated
by Yanjin et al. in [16]. The influence of the model discretization and of an accurate modelling of loads and boundary
conditions has been outlined by Zhang et al. in [17,18], in which different approaches to modelling and the minimal
discretization requirements are discussed.
Application of the laser forming process, however, is very limited and nowadays the process set-up, to obtain the
desired shape, is still based on expensive trial and error procedures. A systematic methodology to define heating
patterns and heating conditions, i.e. process parameters, to form a sheet metal as desired has not been developed yet.
The evaluation of the scanning paths and relative process parameters to obtain a given target shape is usually re-
ferred to as inverse analysis, or synthesis, of the process. An approach to the synthesis of the laser forming process,
based on genetic algorithms, has been proposed in [19] by Cheng et al. However, several variables have been assumed
as constants, due to slow convergence of the proposed algorithm. The above procedure can be applied only to a well-
defined class of shapes, characterized by a constant profile along the laser direction and a generic two-dimensional
profile on the orthogonal plane. In [20], Kim et al. suggested a feedback control scheme for two-dimensional laser
forming. The proposed procedure is based on methods of error compensation applied to statistical methods for each
single bending angle. The relevance of numerical methods and computational simulation in process analysis, opti-
mization, and planning has been underlined in [21–23], while related computational methods are reported in [24–26].
This paper deals with a procedure for the inverse analysis of the laser forming process of three-dimensional complex
sheets. The developed method is based on three consecutive stages. The first stage consists in the program instruction:
deformed shapes, obtained using predefined laser paths and process parameters, are described using bicubic sixteen
point patches. In particular, the description of the reference deformed shapes for the processor instruction step can be
performed using both computational and experimental approaches: the former, used in the present investigation, can
be realized by the evaluation of nodal displacements provided by opportune computational simulations of the laser
forming process; the latter can be realized using coordinate measuring machine (CMM) or optical analysis. In the
second step, the target shape is codified as a three-dimensional surface and then sixteen point patches are extracted
and compared, using a predefined tolerance value, with the patches obtained in the previous stage, returning, for each
point of the target surface, the eventual laser pass, the number of overlapped scans, the travelling direction of the laser
beam, and the process parameters. The third stage consists of the post-processing of the obtained data to exactly define
the laser paths.
The theoretical formulation of the considered boundary value problem is exposed in Section 2. The program
instruction, based on the results obtained by the analysis of the performed computational simulations is described
in Section 3; in Section 4 the developed synthesis procedure is described and tested on several three-dimensional
shapes, while Section 5 deals with concluding remarks and future perspectives of research. A brief description of
bicubic patches and tensorial proofs of the used statements are provided in Appendices A and B, respectively.
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2. Thermo-mechanical analysis
2.1. Introduction
Laser forming process is commonly modelled as a thermo-mechanical weakly coupled problem; it is assumed that
the heat generated by material deformation is negligible with respect to the heat provided by the laser source, so the
temperature transient field, due to the heating source and heat transfer, can be used as a thermal load to evaluate the
stress–strain distribution and the final shape of the sheet.
2.2. Thermal analysis
The conservation of the thermal energy, according to the first law of thermodynamics, writes as follows:
ρc
(
∂T
∂t
+ v · ∇T
)
+∇ · q = ugen, (2.1)
where T is the temperature, t is the time, ρ and c are, respectively, the temperature dependent material density and
specific heat capacity, v is the velocity vector describing the mass transport of heat, q is the heat flux vector, and ugen
is the internal heat generation rate.
The heat flux vector is related to the temperature gradient according to the Fourier model, as follows:
q = −K∇T, (2.2)
where K is the conductivity matrix.
Assuming the processing material as isotropic, neglecting transport phenomena and heat generation rate related to
the deformation energy, and taking into account Eq. (2.2), the conservation Eq. (2.1) can be rewritten in the following
parabolic form:
ρc
∂T
∂t
= ∇ · (K∇T ) . (2.3)
Multiplying both the members of Eq. (2.3) by a virtual temperature increment δT and integrating on the considered
domain V , defined by the boundary surface S, yields:∫
V
ρc
∂T
∂t
δT dV =
∫
V
∇ · (K∇T ) δT dV . (2.4)
Taking into account that:
∇ · (δT K∇ (T )) = ∇δT · (K∇T )+ δT∇ · (K∇T ) , (2.5)
it follows:∫
V
ρc
∂T
∂t
δT dV =
∫
V
∇ · (δT K∇ (T )) dV −
∫
V
∇δT · (K∇T ) dV . (2.6)
Rearranging Eq. (2.6), indicating as qn the thermal flow acting over the surface S characterized by the unit outward
normal vector n, and taking into account the divergence theorem, one finally has:∫
V
ρc
∂T
∂t
δT dV +
∫
V
∇δT · (K∇T ) dV =
∫
S
δTqndS, (2.7)
which represent the Virtual Temperature Principle.
The above-formulated boundary value problem has been solved, in the present investigation, using a finite element
scheme, according to the following initial and boundary conditions:
– The initial temperature of the processing sheet is assumed as uniform and equal to the room temperature T∞:
T (x, y, z, t = 0) = T∞; (2.8)
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– Laser beam has been modelled as a heat flux qn , evaluated as the mean value of the Gaussian power distribution
into the laser spot, imposed on the external surface of the elements where laser is focused, assuming the z-axis as
orthogonal to the heated surface of the sheet, as follows:
−k (T ) ∂T (x, y, z, t)
∂z
= qn; (2.9)
– Convective and radiative boundary conditions have been assumed on the remaining sheet surfaces, as follows:
qn = hc [T∞ − T (x, y, z, t)]+ σε
[
T 4∞ − T (x, y, z, t)4
]
, (2.10)
where hc and ε are, respectively, the temperature dependent convective coefficient and emissivity, and σ is the
Stefan–Boltzmann constant. In particular, rearranging the radiative term as follows:
σε
[
T 4∞ − T (x, y, z, t)4
]
= σε
[
T 2∞ + T (x, y, z, t)2
]
[T∞ + T (x, y, z, t)] [T∞ − T (x, y, z, t)]
= hr [T∞ − T (x, y, z, t)] , (2.11)
a unique coefficient ht , given by the sum of hc and hr can be used to describe convective and radiative fluxes,
assuming only convective flux.
2.3. Elasto-plastic analysis
The transient temperature field evaluated according to the above equations, has been used as input for the
mechanical analysis. Equilibrium equation for a generic continuous, assuming small displacements hypothesis, writes
as follows:
∇ · (σ )+ ρb = 0, (2.12)
where σ is the Cauchy stress tensor, ρ is the material density and b represents the body forces.
Assuming the considered domain as a Cosserat domain, distributed moments, such as magnetic moments, are
negligible, then the symmetry of the stress tensor writes:
σ = σT, (2.13)
Stress–strain relation, assuming the material constitutive model as linear, writes as follows:
σ = Cεe, (2.14)
where εe is the elastic strain tensor and C is the stiffness matrix.
Total strain can be written as follows:
ε = 1
2
(
∇u + (∇u)T
)
= (∇u)Sym = εe + εth + ε p, (2.15)
where εth and ε p are the thermal and plastic strain tensors, respectively.
Taking into account the symmetry of σ and ε, the number of equations is equal to the number of dependent variables
and the model is consistent.
Boundary conditions can be applied on stresses and displacements, as follows:{
σn = σ ∗
u = u∗ ∀x, y, z ∈ S, (2.16)
where n is the external unit vector orthogonal to the boundary S of the considered domain V , σ ∗ is the tension acting
on the boundary, and u∗ is the displacement field imposed on the same surface.
Multiplying both members of Eq. (2.12) for an infinitesimal displacement δu, and integrating on the considered
domain V , yields:∫
S
∇ · (σ ) · δu dS +
∫
V
ρb · δu dV = 0, (2.17)
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which, taking into account that
∇ · (σ δu) = ∂
(
σi jδu j
)
∂xi
= ∂σ j i
∂xi
δu j + σ j i ∂δu j
∂xi
= ∇ · (σ ) · δu + σ : ∇δu, (2.18)
and
(∇δu)Sym = δε, (2.19)
can be rewritten, after some manipulations, as follows:∫
V
σ : δεdV =
∫
S
σ ∗ · δu dS +
∫
V
ρb · δu dV, (2.20)
which represents the Virtual Work Principle for small displacements.
In the present investigation a large displacement formulation has been adopted to take into account geometrical
nonlinearities, related to plasticity phenomena, which happen along the laser pattern during the heating and cooling
stages. Taking into account that the Bauschinger effect is negligible, an isotropic hardening model has been adopted,
assuming that the yield surface grows homothetically as the plastic strains develop.
Using the label X to identify a generic point into the reference domain, and as x(X) its position into the actual or
deformed domain, the displacement u(X) can be written as follows:
u (X) = x (X)− X. (2.21)
Indicating as F the deformation gradient, the equilibrium equation, in the undeformed domain, writes:
∇ · (σ ) = ∂σi j
∂x j
= ∂σi j
∂Xk
∂Xk
∂x j
= ∂σi j
∂Xk
F−1k j =
∂σi j
∂Xk
F−Tjk . (2.22)
Taking into account that:
∇ ·
(
σ F−T
)
=
∂
(
σi j F
−T
jk
)
∂Xk
= ∂σi j
∂Xk
F−Tjk + σi j
∂F−1k j
∂Xk
, (2.23)
and being
∂F−1k j
∂Xk
= ∂
∂Xk
(
∂Xk
∂x j
)
= ∂
∂x j
(
∂Xk
∂Xk
)
= 0. (2.24)
Eq. (2.22) can be rewritten as follows:
∇ ·
(
σ F−T
)
+ ρb = 0. (2.25)
Indicating as dV and dv the elementary volume in the reference and deformed configurations, respectively, it results:
ρdv = ρ0dV, (2.26)
ρ0 being the density in the reference configuration.
Defining the transformation Jacobian as J , Eq. (2.25) can be rewritten, after some manipulations, as follows:
∇ ·
(
Jσ F−T
)
+ ρ0b = 0. (2.27)
Taking into account that
P = Jσ F−T , (2.28)
where P is the first Piola tensor, equilibrium equation in the undeformed configuration writes:
∇ · (P)+ ρ0b = 0. (2.29)
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Assuming large displacement hypothesis, considering the deformed domain (Upgraded Lagrangian Formulation),
and taking into account that:
F = ∇X x = ∇X (u + X) = ∇Xu + I, (2.30)
and then:
δF = ∇Xδu, (2.31)
following a procedure similar to the procedure used to obtain Eq. (2.20), one finally has, in the deformed configuration:∫
V
P : δFdV =
∫
S
σ ∗ · δu dS +
∫
V
ρ0b · δu dV . (2.32)
Assuming a large displacement formulation, an univocal definition of the strain tensor does not exist, and stress
tensor is derived according to the following relation:
S : δE = P : δF. (2.33)
Indicating as U the symmetric positive tensor of the right polar decomposition of F , Eq. (2.33) is satisfied, among
others, by the following formulations of the E tensor:
E = 1
2
(
U 2 − I
)
, (2.34)
or
Eb = U − I, (2.35)
which correspond, respectively, to the second Piola tensor and to the Biot stress tensor (Proof 1 and 2 in Appendix B).
3. Processor instruction by the analysis of computational simulations
The first stage of the developed procedure consists in the opportune instruction of the processor. In the present
investigation, the instruction of the processor has been realized considering deformed shapes obtained by the laser
forming process, using predefined laser paths and process parameters. Surfaces of the deformed sheets are then
described using bicubic sixteen point patches. As mentioned above, this stage can be performed both experimentally
or by computational simulations.
The experimental approach is more expensive with respect to the computational one, because it requires one to
perform several forming tests and the analysis of deformed sheets needs opportune machines, such as CMMs or
optical non-contact devices; however it results in cheaper time and the only practicable way if material properties,
above all at elevated temperature, are unknown or the complexity of the deformed shape, as well as uncertainty on the
specific deformation mechanism imply unacceptable computational time and results accuracy.
The computational approach, proposed in this study, is based on the use of a finite element model to analyze the
transient temperature field, as well as the stress–strain distribution. Obviously this method’s result is less expensive
than experimental tests, above all if material properties are well-known, because laser machine can be used for
production purpose during the program instruction, material scraps are considerably reduced, and inopportune use
of the laser machine can be easily avoided. Furthermore, it is possible to evaluate the residual stress in the processed
sheet.
Several finite element simulations, according to the model described in the Section 2, have been performed
assuming the dimensions of the metal sheet as 50 mm, 50 mm, and 0.625 mm, respectively for the length, the width,
and the thickness. A unitary ratio between the sheet thickness and the diameter of the laser spot has been adopted,
according to the Temperature Gradient Mechanism.
In the present investigation, relatively simple irradiation strategy have been considered and simulated for the
instruction of the processor, characterized by single or multiple overlapped straight patterns and mutually orthogonal
patterns, assuming the travel speed and the laser spot radius as constants, equal, respectively, to 10 mm/s and
0.625 mm.
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Fig. 1. Deformed sheet.
Two different values of the heat flux due to the laser source, assumed, respectively, as 100W/mm2 and 50W/mm2,
have been used, simulating a multi-scan laser forming process and evaluating the deformed surface obtained after each
scan. In Fig. 1, one of the deformed sheets, magnified 10 times, used in the present analysis for the instruction of the
processor is shown. In particular, the deformed shape has been evaluated simulating two consecutive orthogonal laser
paths, parallel to the sheet edges.
After each simulation, the values of the nodal displacements, evaluated considering the initial and the final
coordinates of the points in the zone hit by the laser beam, have been used to obtain the sixteen point patch, related to
the specific considered laser pattern, as follows:
P(−1,−1) P(−1/3,−1) P(1/3,−1) P(1,−1)
P(−1,−1/3) P(−1/3,−1/3) P(1/3,−1/3) P(1,−1/3)
P(−1,1/3) P(−1/3,1/3) P(1/3,1/3) P(1,1/3)
P(−1,1) P(−1/3,1) P(−1/3,1) P(1,1)

=

x (−3r,−3r) x (−r,−3r) x (r,−3r) x (3r,−3r)
x (−3r,−r) x (−r,−r) x (r,−r) x (3r,−r)
x (−3r, r) x (−r, r) x (r, r) x (3r, r)
x (−3r, 3r) x (−r, 3r) x (r, 3r) x (3r, 3r)
 , (3.1)
where P(i, j) are the coordinates of points of the patch, the subscripts i and j refer to the value of the parametric
variables u and w in the defined reference interval (see Appendix A), r is the radius of the laser beam on the surface
of the metal sheet, x represents the vector of the final coordinates of the nodes located at distances indicated in the
respective brackets, along the directions of the undeformed sheet, from the center of the laser spot.
An efficient procedure, based on the rigid rotation of the points given by the analysis of the deformed shape, has
been adopted, to obtain patches which describe the surfaces deformed by laser paths oblique with respect to the sheet
edges, without performing further simulations.
Patches obtained simulating a single straight laser path, parallel and rotated 36◦ with respect to the sheet edge
are shown in Fig. 2(a) and (b), respectively. Fig. 3(a) and (b) illustrate, respectively, patches obtained simulating two
consecutive orthogonal laser scans, parallel and rotated 54◦ with respect to sheet edges.
4. Process synthesis
After the analysis of the nodal displacements obtained by the elaboration of the performed simulation and the
codification of the reference patches, the next step of the proposed synthesis procedure is based on the minimization
of a vectorial objective function, using a predefined tolerance value, as explained in the following.
Using a scan pass equal to the spot diameter, assumed as d, the deformed shape, whose dimensions are defined as
l for the length and h for the width, can be codified as a matrix, defined as Minv, whose elements represent the third
spatial coordinate and whose number of rows m and number of columns n results:
(m, n) =
(
l
d
+ 1, h
d
+ 1
)
. (4.1)
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Fig. 2. Patches obtained by laser path (a) parallel and (b) rotated 36◦ with respect to the sheet edge.
Fig. 3. Patches obtained by orthogonal laser paths (a) parallel and (b) rotated 54◦ with respect to the sheet edge.
Sub-matrices, characterized by four rows and four columns, are consecutively extracted by the Minv matrix to
obtain local sixteen point patches describing the target shape. The values of the tangents in the angular points are
evaluated as the first derivative of the parametric third spatial coordinate z with respect to u and w, as follows:
tu(i, j) =
∂z (u = i, w = j)
∂u
,
tw(i, j) =
∂z (u = i, w = j)
∂w
.
(4.2)
After the elimination of undesired rotational effects by a spatial rigid rotation of the considered target patch, the
values of the tangents are used to evaluate the following functions:
fn =
∣∣∣tu(−1,−1) − tgun,(−1,−1)∣∣∣+ ∣∣∣tw(−1,−1) − tgwn,(−1,−1)∣∣∣+ ∣∣∣tu1,−1 − tgun,(1,−1)∣∣∣+ ∣∣∣tu(1,−1) − tgun,(1,−1)∣∣∣
+
∣∣∣tu(1,1) − tgun,(1,1)∣∣∣+ ∣∣∣tw(1,1) − tgwn,(1,1)∣∣∣+ ∣∣∣tu(−1,1) − tgun,(−1,1)∣∣∣+ ∣∣∣tu(−1,1) − tgun,(−1,1)∣∣∣ , (4.3)
where tgn is the tangent value obtained from the nth patches used for program instruction in the previous stage.
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Fig. 4. Inverse analysis of a parabolic shape: (a) target surface and (b) laser patterns.
The minimum of the following vector
f = [ f1 f2 f3 f4 f5 f6 f7 f8 ... fN] (4.4)
is stored in the process matrix, returning, for the central point of the patch, a value defining the eventual laser pass, the
number of overlapped scans, the travelling direction, and the process parameters if the tolerance value is respected,
else a null value is assumed.
The above procedure is iterate till all the Minv matrix has been completely analyzed.
The last stage of the procedure consists in the post-processing of the obtained results, in order to eliminate spurious
effects related to the partial superimpositions of consecutive patches and to exactly define the laser patterns.
The proposed procedure has been first effectively applied for testing on several well-known shapes, such as
those obtained using rectilinear single or multiple laser scans, as well as using intersecting laser paths. In particular,
deformation obtained using laser patterns parallel and oblique with respect to the processing sheet edges have been
considered. Then the developed method has been applied for the inverse analysis of relatively more complex shapes,
characterized by single and double curved surfaces. The geometrical representation of the analyzed shapes and the
results of the inverse analysis are shown in the following figures; all dimensions are described in mm.
It is assumed that the deformation is characterized by the reduced value of the local curvature radius, so that the
length of the undeformed edges of the sheet can be assumed to be equal to the length of the deformed edges.
In Fig. 4(a) and (b) are shown, respectively, the geometrical representation of a parabolic target surface and the
patterns of the laser beam on the undeformed plane sheet, obtained using the above-described synthesis method,
according to the performed processor instruction. The result obtained using the herein proposed procedure for
the considered three-dimensional shape shows good agreement with the experimental practice. In particular, the
considered parabolic shape can be manufactured by several laser scans parallel to the sheet edges, using an input
power corresponding to a heat flux of 50 W/mm2, a travel speed of 10 mm/s, and a spot radius of the laser beam of
0.3125 mm, resulting in the desired bending of the sheet towards the laser beam. The distance between the center of
the laser spot in each scan and the center of the laser spot in the consecutive one resulted as 1.875 mm. No repetition
of the laser scan, along the same path, is needed.
In Fig. 5(a) and (b) are shown, respectively, the geometrical representation of the second considered target surface,
characterized by a double curvature, and the patterns of the laser beam on the undeformed plane sheet. In this case the
desired double curved shape can be realized using orthogonal straight paths, parallel to the sheet edges, using an input
power corresponding to a heat flux of 50 W/mm2, a travel speed of 10 mm/s, and a spot radius of the laser beam of
0.3125 mm, resulting in the desired bending of the sheet toward the laser beam. The distance between the center of
the laser spot in each scan and the center of the laser spot in the consecutive parallel one resulted as 1.875 mm. No
repetition of the laser scan, along the same path, is needed. In particular, the inverse analysis procedure evidenced
the presence of an opportune crossover between two orthogonal laser paths for each point defined by two intersecting
heating lines.
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Fig. 5. Inverse analysis of a double curved shape: (a) target surface and (b) laser patterns.
Fig. 6. Inverse analysis of a double curved complex shape: (a) target surface and (b) laser patterns.
The last analyzed case requires a relatively more complex laser irradiation strategy to obtain the desired shape. The
geometrical representation of the target surface, given by a spherical cap formed on a plane sheet, and the relative
process planning, obtained using the developed method, are shown in Fig. 6(a) and (b), respectively. In particular, the
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circular path has to be repeated three times using an input power corresponding to a heat flux of 100 W/mm2, a travel
speed of 10 mm/s, and a spot radius of the laser beam of 0.3125 mm, on the surface where the spherical cap has to be
achieved. Then the refinement of the shape has to be obtained using straight orthogonal paths, on the opposite side of
the sheet, using the same travel speed and spot radius, but with a reduced value of the input power, corresponding to a
heat flux of 50 W/mm2. The distance between the center of the laser spot in each scan and the center of the laser spot
in the consecutive parallel one resulted as 1.875 mm. No repetition of the laser scan, along the same path, is needed.
The last performed analysis has also outlined the relevance of the first step of the developed procedure, i.e. the
instruction of the processor. Indeed, as evidenced in [27], the spherical cap shape can be also manufactured using an
opportune superimposition of circular and radial paths. A correct definition of the irradiation strategy, to be used for
the evaluation of the reference patches, results very important for the definition of an optimal process planning.
5. Conclusions and future perspectives
A computational procedure for the inverse analysis of the laser forming process of three-dimensional metal sheet
has been proposed and tested in this paper. The developed method is based on three consecutive steps: the instruction
of the processor, the evaluation of an opportunely defined vectorial fitness function and its successive minimization,
and, finally, the post-processing of the results provided by the above minimization to define the exact irradiation
strategy.
The procedure has been tested on three different shapes, characterized by simple, as well as double curvature,
finding a good agreement between the computational result and the experimental practice.
The analysis of the computational results and the comparison with the previous literature on the laser forming
process, have pointed out the relevance of the patches assumed as reference, i.e. of the irradiation strategies used for
the instruction of the processor.
Future perspectives of research are mainly based on the analysis of relatively more complex shapes, characterized
by major values of the curvature and on the definition of laser patterns on the plane developed sheet corresponding to
the desired deformed shape. The effectiveness of the proposed method and its practical use require also the interface
of the inverse analysis procedure with CAD software to obtain a direct codification of the three-dimensional target
surface into patches, and with CAM software dedicated to the control of the laser machine.
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Appendix A
A Patch, graphically shown in Fig. 7, is a simple mathematical tool used to represent a three-dimensional surface,
whose points’ coordinates are described, in a Cartesian system, by continuous functions, as follows:
x = x (u, w) ,
y = y (u, w) ,
z = z (u, w) ,
(A.1)
where u and w are parametric variables, which are continuous in the reference interval. In the present investigation,
for symmetry reason, (−1, 1) has been assumed as the reference interval.
Bicubic Patches can be described by the following algebraic form:
p(u, w) =
3∑
i=0
3∑
j=0
ai ju
iw j , (A.2)
where ai j are the algebraic coefficients of the considered surface.
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Fig. 7. Sixteen point bicubic patch.
Eq. (A.2) can be rewritten, using matrix notation, as follows:
p = U AWT, (A.3)
where:
U = [u3 u2 u 1] , (A.4)
W = [w3 w2 w 1] , (A.5)
and
A =

a33 a32 a31 a30
a23 a22 a21 a20
a13 a12 a11 a10
a03 a02 a01 a00
 . (A.6)
In several applications, the algebraic form of the patch is not useful to understand the shape of the considered
surface, it is more convenient to use the geometrical form.
Defined the corners of the patch as p−1,−1, p1,−1, p−1,1, p1,1 and the tangent vectors as pw−1,−1, p
u
−1,−1, pw1,−1,
pu1,−1, pw−1,1, p
u
−1,1, pw1,1, p
u
1,1, the four boundary curves can be written as follows:
p (u,−1) = F [p−1,−1 p1,−1 pu−1,−1 pu1,−1]T ; p (u, 1) = F [p−1,1 p1,1 pu−1,1 pu1,1]T ,
p (−1, w) = F [p−1,−1 p−1,1 pw−1,−1 pw−1,1]T ; p (1, w) = F [p1,−1 p1,1 pw1,−1 pw1,1]T , (A.7)
where F is the vector of the shape functions. In this way twelve of the sixteen required coefficients have been defined;
further information can be obtained by the twist vectors, defined in each corner of the patch, as follows:
puw−1,−1 =
∂2 p (−1,−1)
∂u∂w
; puw1,−1 =
∂2 p (1,−1)
∂u∂w
; puw−1,1 =
∂2 p (−1, 1)
∂u∂w
; puw1,1 =
∂2 p (1, 1)
∂u∂w
.
(A.8)
A generic point of the patch, defined as pi j can be evaluated using the following relation:
pi, j = F1
(
w j
) [
F1 (ui ) p−1,−1 + F2 (ui ) p1,−1 + F3 (ui ) pu−1,−1 + F4 (ui ) pu1,−1
]
+ F2
(
w j
) [
F1 (ui ) p−1,1 + F2 (ui ) p1,1 + F3 (ui ) pu−1,1 + F4 (ui ) pu1,1
]
+ F3
(
w j
) [
F1 (ui ) p
w−1,−1 + F2 (ui ) pw1,−1 + F3 (ui ) puw−1,−1 + F4 (ui ) puw1,−1
]
+ F4
(
w j
) [
F1 (ui ) p
w−1,1 + F2 (ui ) pw1,1 + F3 (ui ) puw−1,1 + F4 (ui ) puw1,1
]
, (A.9)
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which can be rewritten, in matrix notation, as follows:
p (u, w) = [F1 (u) F2 (u) F3 (u) F4 (u)]

p−1,−1 p−1,1 pw−1,−1 pw−1,1
p1,−1 p1,1 pw1,−1 pw1,1
pu−1,−1 p
u
−1,1 p
uw
−1,−1 p
uw
−1,1
pu1,−1 p
u
1,1 p
uw
1,−1 p
uw
1,1


F1 (w)
F2 (w)
F3 (w)
F4 (w)
 . (A.10)
Defined as B the matrix in Eq. (A.10), the geometrical form writes:
p (u, w) = F (u) BF (w)T . (A.11)
In several practical cases, the evaluation of the tangent and twist vector is not suitable, an easier method is based
on the use of sixteen points belonging to the considered patch and usually corresponding to values of the variables u
and w.
Defining as G the shape functions, a generic point pi j of the patch can be evaluated using the following relation:
pi, j = G1
(
w j
) [
G1 (ui ) p−1,−1 + G2 (ui ) p−1/3,−1 + G3 (ui ) p1/3,−1 + G4 (ui ) p1,−1
]
+G2
(
w j
) [
G1 (ui ) p−1,−1/3 + G2 (ui ) p−1/3,−1/3 + G3 (ui ) p1/3,−1/3 + G4 (ui ) p1,−1/3
]
+G3
(
w j
) [
G1 (ui ) p−1,1/3 + G2 (ui ) p−1/3,1/3 + G3 (ui ) p1/3,1/3 + G4 (ui ) p1,1/3
]
+G4
(
w j
) [
G1 (ui ) p−1,1 + G2 (ui ) p−1/3,1 + G3 (ui ) p1/3,1 + G4 (ui ) p1,1
]
, (A.12)
which can be rewritten, using matrix notation, as follows:
p (u, w) = [G1 (u) G2 (u) G3 (u) G4 (u)]
×

p−1,−1 p−1,−1/3 p−1,1/3 p−1,1
p−1/3,−1 p−1/3,−1/3 p−1/3,1/3 p−1/3,1
p1/3,−1 p1/3,−1/3 p1/3,1/3 p1/3,1
p1,−1 p1,−1/3 p1/3,1 p1,1


G1 (w)
G2 (w)
G3 (w)
G4 (w)
 , (A.13)
and, defined as P the matrix of the geometrical coefficients, yields:
p (u, w) = G (u) PG (w)T . (A.14)
Appendix B
B.1. Proof 1
Assuming that:
E = 1
2
(
U 2 − I
)
, (B.1)
it follows:
δE = δU 2 = δ
(
FTF
)
= FδFT + FTδF. (B.2)
Combining Eq. (B.1) with Eq. (2.32), it follows:
S : 1
2
(
δFTF + FTδF
)
= S : 1
2
δFTF + S : 1
2
FTδF, (B.3)
and taking into account that S is a symmetric tensor, yield:
S : 1
2
FTδF + S : 1
2
FTδF = S : FTδF = FS : δF, (B.4)
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and then:
S = F−1P = J F−1σ F−T , (B.5)
which is the second Piola tensor.
B.2. Proof 2
Assuming that:
E = (U − I ) , (B.6)
taking into account that:
δF = δ (RU ) = δRU + RδU, (B.7)
it follows:
P : δF = P : δRU + P : RδU = P : δRU + RTP : δU. (B.8)
Considering that:
P : δRU = Jσ F−T : δRU = Jσ : δRUF−1, (B.9)
and taking into account the symmetry of σ , yield:
Jσ : δRUF−1 = Jσ : δRRT = Jσ : 1
2
(
δRRT + RδRT
)
= Jσ : 1
2
(
δ
(
RRT
))
= Jσ : 1
2
(δ I ) = 0. (B.10)
Some manipulations yield:
S : δE = S : δU = RTP : δU → S = RTP. (B.11)
Assuming that S is a symmetric tensor, one finally has:
S = RTP = 1
2
(
RTP + PTR
)
= 1
2
J
(
RTσ F−T + F−1σ R
)
, (B.12)
which is the Biot stress tensor.
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